At millimeter wave (mmWave) frequencies, signals are prone to blocking by objects in the environment, which causes paths to go from line-of-sight (LOS) to non-LOS (NLOS). We consider macrodiversity as a strategy to improve the performance of mmWave cellular systems, where the user attempts to connect with two or more base stations. An accurate analysis of macrodiversity must account for the possibility of correlated blocking, which occurs when a single blockage simultaneously blocks the paths to two base stations. In this paper, we analyze the macrodiverity gain in the presence of correlated random blocking and interference. To do so, we develop a framework to determine distributions for the LOS probability, SNR, and SINR by taking into account correlated blocking. We consider a cellular uplink with both diversity combining and selection combining schemes. We also study the impact of blockage size and blockage density. We show that blocking can be both a blessing and a curse. On the one hand, the signal from the source transmitter could be blocked, and on the other hand, interfering signals tend to also be blocked, which leads to a completely different effect on macrodiversity gains. We also show that the assumption of independent blocking can lead to an incorrect evaluation of macrodiversity gain, as the correlation tends to decrease macrodiversity gain.
I. INTRODUCTION
Millimeter-wave (mmWave) has emerged in recent years as a viable candidate for infrastructure-based (i.e., cellular) systems [1] [2] [3] . At mmWave frequencies, signals are prone to blocking by objects intersecting the paths and severely reducing the signal strength, and thus the Signal to Noise Ratio (SNR) [4] . On the battlefield, blockages may include soldiers, tanks, helicopters, and other equipment creating a dynamic environment characterized by changing blocking conditions. Blocking makes it especially difficult to provide universal coverage with a cellular infrastructure. For instance, blocking by walls provides isolation between indoor and outdoor environments, making it difficult for an outdoor base station to provide coverage indoors [5] . To mitigate the issue of blocking in mmWave cellular networks, macrodiversity has emerged as a promising solution, where the user attempts to connect to multiple base stations. With macrodiversity, the probability of having at least one line-of-sight (LOS) path to a base station increases, which can improve the system performance [6, 7] .
An effective methodology to study wireless systems in general, and mmWave systems in particular, is to embrace the tools of stochastic geometry to analyze the SNR and interference in the network [3, [8] [9] [10] . With stochastic geometry, the locations of base stations and blockages are assumed to be drawn from an appropriate point process, such as a Poisson point process (PPP). When blocking is modeled as a random process, the probability that a link is LOS is an exponentially decaying function of link distance. While many papers assume that blocking is independent [5] , in reality the blocking of multiple paths may be correlated [10] . The correlation effects are especially important for macrodiverity networks when base stations are close to each other, or more generally when base stations have a similar angle to the transmitter. In this case, when one base station is blocked, there is a significant probability that another base station is also blocked [6, 7] .
Correlated blocking has previously been considered in [11, 12] for localization applications and in [10] for wireless personal area networks. Correlation has been considered in [6, 7] for infrastructure-based networks with macrodiversity, but in these references the only performance metric considered is the n th order LOS probability; i.e., the probability that at least one of the n closest base stations is LOS. However, a full characterization of performance requires other important performance metrics, including the distributions of the SNR and, when there is interference, the Signal to Interference and Noise Ratio (SINR). In this paper, we propose a novel approach for fully characterizing the performance of macrodiversity in the presence of correlated blocking. While, like [6, 7] , we are able to characterize the spatially averaged LOS probability (i.e., the LOS probability averaged over many network realizations), our analysis shows the distribution of the LOS probability, which is the fraction of network realizations that can guarantee a threshold LOS probability rather than its mere spatial average. Moreover, we are able to similarly capture the distributions of the SNR and SINR.
We assume that the centers of the blockages are placed according to a PPP. We first analyze the distributions of LOS probability for first-and second-order macrodiversity. We then consider the distribution of SNR and SINR for the cellular uplink with both selection combining and diversity combining. The signal model is such that blocked signals are completely attenuated, while LOS, i.e., non-blocked, signals are subject to an exponential path loss and additive white Gaussian noise (AWGN). Though it complicates the exposition and notation, the methodology can be extended to more elaborate models, such as one wherein all signals are subject to fading and non-LOS (NLOS) signals are partially attenuated (see, e.g., [9] ).
The remainder of the paper is organized as follows. We begin by providing the system model in Section II, wherein there are base stations and blockages, each drawn from a PPP. Section III and section IV provide an analysis of the LOS probability and SNR distribution, respectively. Then in Section V, interference is considered and the SINR distribution is formalized. Finally, Section V concludes the paper, suggesting extensions and generalizations of the work. Fig. 1 : Example network topology for second-order macrodiversity (N=2). Y0 attempts to connect to its closest base stations (X1 and X2). a1 and a2 are the blockage areas, and v is the overlapping area.
II. SYSTEM MODEL
Consider a mmWave cellular network consisting of base stations, blockages, and a source transmitter. The locations of the base stations are modeled as an infinite homogeneous PPP with density λ bs . We assume the centers of the blockages also form a homogeneous PPP with density λ bl , independent from the base station process. Let Y 0 indicate the source transmitter and its location. Due to the stationarity of the PPPs, and without loss of generality, we can assume the coordinates are chosen such that the source transmitter is located at the origin; i.e., Y 0 = 0. In section V, we will consider additional transmitters located in neighboring cells, which act as interferers.
Let X i for i ∈ Z + denote the base stations and their locations. Let R i = |X i | be the distance from Y 0 to X i . Base stations are ordered according to their distances to Y 0 such that R 1 R 2 .... The signal of the source transmitter is recived at the closest N base stations, and hence, N is the number of X i connected to Y 0 . For a PPP, the derivation of R 1 , ..., R N is given in Appendix A, which implies a methodology for generating these distances within a simulation.
As in [9] , each blockage is modeled as a circle of width W . Although W can itself be random as in [6] , we assume here that all blockages have the same value of W . If a blockage cuts the path from Y 0 to X i , then the signal from Y 0 is NLOS, while otherwise it is LOS. Here, we assume that NLOS signals are completely blocked while LOS signals experience exponential path-loss with a path-loss exponent α; i.e., the power received by X i is proportional to R −α i . Each base station has a blockage region associated with it, indicated by the colored rectangles shown in Fig. 1 . We use a i to denote the blockage region associated with X i and its area; i.e., a i is both a region and an area. If the center of a blockage falls within a i , then X i will be blocked since at least some part of the blockage will intersect the path between X i and Y 0 . Because a i is a rectangle of length R i and width W , it is clear that a i = W R i . Unless X 1 and X 2 are exactly on opposite sides of the region, there will be an overlapping region v common to both a 1 and a 2 . Because of the overlap, it is possible for a single blockage to simultaneously block both X 1 and X 2 if the blockage falls within region v, which corresponds to correlated blocking.
III. LOS PROBABILITY
In this section, we will analyze the LOS probability (p LOS ) and its distribution. With second-order macrodiversity, the signal of the source transmitter Y 0 is received at the two closest base stations X 1 and X 2 . The LOS probability is the probability that at least one X i is LOS to the transmitter. Because the base stations are randomly located, the value of p LOS will vary from one network realization to the next, or equivalently by a change of coordinates, from one source transmitter location to the next. Hence p LOS is itself a random variable and must be described by a distribution. To determine p LOS and its distribution, we first need to define the variable B i which indicates that the path between Y 0 and X i is blocked.
which is the probability that the link is LOS, and ρ denote the correlation coefficient between B 1 and B 2 . The joint pmf of {B 1 , B 2 } as a function of ρ can be found in Appendix B.
Because blockages are drawn from a PPP with density λ bl , the probability that at least one blockage lands in a i is p i = 1−exp(−λ bl a i ), and when this occurs X i will be NLOS. Conversely, X i will be LOS when there are no blockages inside a i , which occurs with probability q i = exp(−λ bl a i ). For second-order macrodiversity, there will be a LOS signal as long as both paths are not blocked. Considering independent blocking, the corresponding LOS probability is 1 − p 1 p 2 . However from (22) in Appendix B, when correlated blocking is considered, p LOS is
where h = √ p 1 p 2 q 1 q 2 , and ρ is found from (22) as
where p B1,B2 (0, 0) is the probability that both X 1 and X 2 are not blocked. Looking at Fig. 1 , this can occur when there are no blockages inside a 1 and a 2 . Taking into account the overlap v, this probability is
Details on how to compute the overlapping area v are provided in [10] . Substituting (3) into (2) into (1) and using the definitions of p i and q i , yields Fig. 2 shows the empirical CDF of p LOS over 1000 network realizations for first-and second-order macrodiversity, both with and without considering blockage correlation. The distributions are computed for two different values of the average number of blockages per base station (λ bl /λ bs ). We fix the value of W at 0.8. The CDF of p LOS quantifies the likelihood that the p LOS is below some value. The figure shows the probability that p LOS is below some value increases significantly when the number of blockages per base station is high. The effect of correlated blocking is more pronounced when there are fewer blockages per base station. Compared to when N = 1, the macrodiversity gain is higher when the number of blockages per base station is lower even though the amount of reduction in gain due to correlation is higher when λ bl /λ bs is lower. Fig. 3 shows the variation of p LOS when averaged over 1000 network realizations. The plot shows average p LOS as a function of blockage density λ bl while keeping base station density λ bs fixed at 0.3. The spatially averaged p LOS is computed for two different values of blockage width W . Compared to the case of no diversity (when N = 1), the second-order macrodiversity can significantly increase p LOS . However, p LOS decreases when blockage size or blockage density is higher. Moreover, larger blockages increase the correlation. This is because larger blockages can increase the correlation and decreases macrodiversity gain, since a single large blockage is likely to simultaneously block both base stations. Comparing the two pairs of correlated/uncorrelated blocking curves, the correlation is more dramatic when λ bl is low, since at low λ bl both base stations are typically blocked by the same blockage (located in area v).
IV. SNR DISTRIBUTION
In this section, we consider the distribution of the SNR. Macrodiversity can be achieved by using either diversity combining, where the signals from the multiple base stations are maximum ratio combined, or selection combining, where only the signal with the strongest SNR is used. For secondorder macrodiversity, the SNR with diversity combining is
is the power gain between the source transmitter Y 0 to the i th base station and SNR 0 is the SNR of an unblocked reference link of unit distance. B i is used to indicate that the path between Y 0 and X i is blocked, and thus when B i = 1, Ω i does not factor into the SNR.
The CDF of SNR, F SNR (β), quantifies the likelihood that the combined SNR at the closest two base stations is below some threshold β. If β is interpreted as the minimum acceptable SNR required to achieve reliable communications, then F SNR (β) is the outage probability of the system P o (β) = F SNR (β). The coverage probability is the complimentary CDF, P c (β) = 1 − F SNR (β) and is the likelihood that the SNR is sufficiently high to provide coverage. The rate distribution can be found by linking the threshold β to the transmission rate, for instance by using the appropriate expression for channel capacity.
The CDF of SNR evaluated at threshold β can be determined as follows:
To find the CDF of Z we need to find the probability of each value of Z, which is found as follows. The probability that Z = 0 can be found by noting that Z = 0 when both X 1 and X 2 are blocked. From (22), this is p Z (0) = p B1,B2 (1, 1) = p 1 p 2 + ρh.
The probability that Z = Ω i , i ∈ {1, 2} can be found by noting that Z = Ω i when only X i is LOS. From (22), this is
Finally, by noting that Z = Ω 1 + Ω 2 when both X 1 and X 2 are LOS leads to From (7) to (10), the CDF of Z is found to be:
Next, in the case of selection combining, the SNR is
and its CDF, from (7) to (9) is found to be: Fig. 4 shows the CDF of SNR over 1000 network realizations for diversity combining and two different values of W . We fix λ bs at 0.3 and λ bl at 0.6. In addition, SNR 0 and the path loss α are fixed at 15 dB and 3 respectively for the remaining figures in this paper. It can be observed that the distribution increases when blockage size is bigger. Compared to the case when N = 1, the use of second-order macrodiversity decreases the SNR distribution. When compared to uncorrelated blocking curves, correlation decreases the gain of macrodiversity for certain regions of the plot, particularly at low values of SNR threshold, corresponding to the case when both base stations are blocked. Similar to p LOS , the correlation increases with blockage size. However, the macrodiversity gain is slightly higher when blockage width W is smaller. Fig. 5 shows the effect of combining scheme and λ bl on SNR outage probability at threshold β = 10 dB. As shown in the figure, the outage probability increases when λ bl increases in all of the given scenarios. When λ bl = 0, first-and secondorder selection combining perform identically. This is because X 1 is never blocked. However, as λ bl increases, the gain of both selection combining and diversity combining increase. At high λ bl the combining scheme is less important, in which case the paths to X 1 and X 2 are always blocked regardless of the chosen combining scheme. The reduction in gain due to correlation is slightly higher when using selection combining. From eq. (13) this is because the step when both base stations are blocked is wider compared to diversity combining case.
V. SINR DISTRIBUTION
Thus far, we have not assumed any interfering transmitters in the system. In practice, the received signal is also affected by the sum interference. In this section, we assume each neighboring cell has a single interfering mobile, which is located uniformly within a disk of radius r around the base station. Assuming a perfect packing of cells, r = (λ bs π) −1/2 , which is the average cell radius. We explicitly consider the interference from the M closest neighboring cells. The interference from more distant cells is considered to be part of the thermal noise. Let Y j for j = 1, 2, .., M indicate the interfering transmitters and their locations. Recall that j = 0 indicates the source transmitter Y 0 . The distance from the j th transmitter to the i th base station is denoted by R i,j .
To calculate SINR and its distribution, we first define a matrix B which indicates the blocking state of the paths from Y j for j = 0, 2, .., M to X i for i = 1, 2. B is a Bernoulli Matrix of size 2 by (M + 1) elements. Each column in B contain elements B 1,j and B 2,j which indicate the blocking states of the paths from Y j to X 1 and X 2 respectively; i.e, the first column in B contains the pair of Bernoulli random variables B 1,0 and B 2,0 that indicates the blocking state of the paths from Y 0 to X i for i = 1, 2. There are (M + 1) pairs of Bernoulli random variables, and each pair is correlated with correlation coefficient ρ j . Because the 2(M + 1) elements of B are binary, there are 2 2(M +1) possible combinations of B. However, it is possible for different realizations of B to correspond to the same value of SINR. For example, when X 1 and X 2 are both blocked from Y 0 , the SINR will be the same value regardless of the blocking states of the interfering transmitters. Define B (n) for n = 1, 2, ..., 2 2(M +1) to be the n th such combination of B. Similar to Section III, let p B1,j ,B2,j (b
2,j ) be the joint probability of B 1,j and B 2,j which are the elements of the j th column of B (n) . The probability of B (n) is given by
The SINR of a given realization B (n) at base station X i is given by
where Ω i,j = R −α i,j is the path gain from the j th transmitter at the i th base station. The SINR of the combined signal considering selective combining is expressed as
When considering diversity combining (16) changes to
As described in [13] , correlated interference tends to make the combined SINR less than the sum of the individual SINRs. The bound in (17) is satisfied with equality when the interference is independent at the two base stations.
To generalize the formula for any realization, there is a particular SINR (n) associated with each B (n) . However, as referenced above, multiple realizations of B (n) may result in the same SINR. Let SINR (k) be the k th realization of SINR. Its probability is Fig. 6 shows the distributions of SINR for M = 5 and M = 0 (which is SNR) at fixed values of λ bs = 0.3, λ bl = 0.6, and W = 0.6. The distributions are computed for first-and second-order macrodiversity. It can be observed that macrodiversity gain is reduced when interference is considered. This is because of the increase in sum interference due to macrodiversity, which implies that p LOS alone as in [6] may not be sufficient to predict the performance of the system especially when there are many interfering transmitters. Study of higher order macrodiversity to identify the minimum order of macrodiversity to achieve a desired level of performance in the presence of interference is left for future work. Fig. 7 shows the variation of SINR outage probability with respect to the number of interfering transmitters M . The curves are computed for low and high values of λ bl , while keeping λ bs and W fixed at 0.8 and 0.6 respectively. It can be seen that the outage probability increases when M increases. Due to the fact that interference tends to also be blocked, unlike SNR and p LOS , increasing the λ bl decreases the outage probability. Similar to Fig.6 , the macrodiversity gain decreases significantly when M increases. It can be seen that N = 2 curves reaches the case when N = 1 for M = 6. Compared to uncorrelated blocking, the curves considering correlated blocking reaches the uncorrelated cases for high value of M , since the interfering transmitters are placed farther than source transmitter and their overlapping area is less dominant.
VI. CONCLUSION
We have proposed a framework to analyze the secondorder macrodiversity gain for mmWave cellular system in the presence of correlated blocking. Correlation is an important consideration for macrodiversity because a single blockage can block multiple base stations, especially if the blockage is sufficiently large and the base stations sufficiently close.
The assumption of independent blocking leads to an incorrect evaluation of macrodiversity gain of the system. By using the methodology in this paper, the correlation between two base stations is found and factored into the analysis. The paper considered the distributions of LOS probability, SNR, and, when there is interference, the SINR. We show that correlated blocking decreases the macrodiversity gain. We also study the impact of blockage size and blockage density. We show that blockage can be both a blessing and a curse. On the one hand, the signal from the source transmitter could be blocked, and on the other hand, interfering signals tend to also be blocked, which leads to a completely different effect on macrodiversity gains.
The analysis can be extended in a variety of ways. In Section IV, we have already shown that any number of interfering transmitters can be taken in to account. While this paper has focused on the extreme case that LOS signals are AWGN while NLOS signals are completely blocked, it is possible to adapt the analysis to more sophisticated channels, such as those where both LOS and NLOS signals are subject to fading and path loss, but the fading and path loss parameters are different depending on the blocking state. See, for instance, [9] for more detail. We may also consider the use of directional antennas, which will control the effect of interference [14] .
Finally, while this paper focused on second-order macrodiversity, the study can be extended to the more general case of an arbitrary macrodiversity order. Such a study could identify the minimum macrodiversity order required to achieve desired performance in the presence of interference. We anticipate that when more than two base stations are connected, the effects of correlation on macrodiversity gain will increase and the effect of interference will decrease. This is because the likelihood that two base stations are close together increases with the number of base stations and the ratio of the number of connected base stations to the number of interfering transmitters will increase. APPENDIX A From the pdf of R i given in [6] , we can derive the CDF of R i given R i−1 as 
To generate random variables r 1 , ..., r N , let x i ∼ U (0, 1),
Solving for r i ,
where r 0 = 0, Start by generating x i as uniform random variables, then recursively substitute each one in (21) to get the desired random variable r i .
APPENDIX B
The joint pmf of B 1 and B 2 is given by:
where h = √ p 1 p 2 q 1 q 2 . Proof of (22) can be found in [10] .
